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We present the results of theoretical study of Current-Phase Relations (CPR) JS(ϕ) in Josephson junctions of
SIsFS type, where ’S’ is a bulk superconductor and ’IsF’ is a complex weak link consisting of a superconducting
film ’s’, a metallic ferromagnet ’F’ and an insulating barrier ’I’. At temperatures close to critical, T . TC,
calculations are performed analytically in the frame of the Ginsburg-Landau equations. At low temperatures
numerical method is developed to solve selfconsistently the Usadel equations in the structure. We demonstrate
that SIsFS junctions have several distinct regimes of supercurrent transport and we examine spatial distributions
of the pair potential across the structure in different regimes. We study the crossover between these regimes
which is caused by shifting the location of a weak link from the tunnel barrier ’I’ to the F-layer. We show that
strong deviations of the CPR from sinusoidal shape occur even in a vicinity of TC , and these deviations are
strongest in the crossover regime. We demonstrate the existence of temperature-induced crossover between 0
and pi states in the contact and show that smoothness of this transition strongly depends on the CPR shape.
PACS numbers: 74.45.+c, 74.50.+r, 74.78.Fk, 85.25.Cp
I. INTRODUCTION
Josephson structures with a ferromagnetic layer became
very active field of research because of the interplay between
superconducting and magnetic order in a ferromagnet leading
to variety of new effects including the realization of a pi-state
with phase difference pi in the ground state of a junction, as
well as long-range Josephson coupling due generation of odd-
frequency triplet order parameter1–3.
Further interest to Josephson junctions with magnetic bar-
rier is due to emerging possibilities of their practical use
as elements of a superconducting memory4−12, on-chip pi-
phase shifters for self-biasing various electronic quantum and
classical circuits13−16, as well as ϕ- batteries, the structures
having in the ground state phase difference ϕg = ϕ , (0 <
|ϕ | < pi) between superconducting electrodes17–25. In stan-
dard experimental implementations SFS Josephson contacts
are sandwich-type structures26−27. The characteristic voltage
VC = JCRN (JC is critical current of the junction, RN is resis-
tance in the normal state) of these SFS devices is typically
quite low, which limits their practical applications. In SIFS
structures28−32 containing an additional tunnel barrier I, the
JCRN product in a 0-state is increased9, however in a pi-state
VC is still too small33,34 due to strong suppression of the su-
perconducting correlations in the ferromagnetic layer.
Recently, new SIsFS type of magnetic Josepshon junction
was realized experimentally9–12. This structure represents a
connection of an SIs tunnel junction and an sFS contact in se-
ries. Properties of SIsFS structures are controlled by the thick-
ness of s layer ds and by relation between critical currents JCSIs
and JCsFS of their SIs and sFS parts, respectively. If the thick-
ness of s-layer ds is much larger than its coherence length ξS
and JCSIs ≪ JCsFS, then characteristic voltage of an SIsFS de-
vice is determined by its SIs part and may reach its maximum
corresponding to a standard SIS junction. At the same time,
the phase difference ϕ in a ground state of an SIsFS junction
is controlled by its sFS part. As a result, both 0- and pi-states
can be achieved depending on a thickness of the F layer. This
opens the possibility to realize controllable pi junctions hav-
ing large JCRN product. At the same time, being placed in
external magnetic field Hext SIsFS structure behaves as a sin-
gle junction, since ds is typically too thin to screen Hext . This
provides the possibility to switch JC by an external field.
However, theoretical analysis of SIsFS junctions was not
performed up to now. The purpose of this paper is to develop
a microscopic theory providing the dependence of the char-
acteristic voltage on temperature T , exchange energy H in a
ferromagnet, transport properties of FS and sF interfaces and
thicknesses of s and F layers. Special attention will be given to
determining the current-phase relation (CPR) between the su-
percurrent JS and the phase difference ϕ across the structure.
II. MODEL OF SISFS JOSEPHSON DEVICE
We consider multilayered structure presented in Fig.1a. It
consists of two superconducting electrodes separated by com-
plex interlayer including tunnel barrier I, intermediate super-
conducting s and ferromagnetic F films. We assume that the
conditions of a dirty limit are fulfilled for all materials in
the structure. In order to simplify the problem, we also as-
sume that all superconducting films are identical and can be
described by a single critical temperature TC and coherence
length ξS. Transport properties of both sF and FS interfaces
are also assumed identical and are characterized by the inter-
face parameters
γ = ρSξSρFξF , γB =
RBFAB
ρFξF . (1)
Here RBF and AB are the resistance and area of the sF and FS
interfaces ξS and ξF are the decay lengths of S and F materials
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FIG. 1: a) Schematic design of SIsFS Josephson junction. b), c)
Typical distribution of amplitude |∆(x)| and phase difference χ(x) of
pair potential along the structure.
while ρS and ρF are their resistivities.
Under the above conditions the problem of calculation of
the critical current in the SIsFS structure reduces to solution
of the set of the Usadel equations35. For the S layers these
equations have the form1–3
ξ 2S
ΩGm
d
dx
(
G2m
d
dxΦm
)
−Φm =−∆m, Gm = Ω√Ω2 +ΦmΦ∗m ,(2)
∆m ln
T
TC
+
T
TC
∞
∑
ω=−∞
(
∆m
|Ω| −
ΦmGm
Ω
)
= 0, (3)
where m = S for x ≤ −ds and x ≥ dF ; m = s in the interval
−ds ≤ x≤ 0. In the F film (0≤ x≤ dF) they are
ξ 2F ddx
(
G2F
d
dxΦF
)
− Ω˜ΦF GF = 0. (4)
Here Ω = T (2n + 1)/TC are Matsubara frequencies nor-
malized to piTC, Ω˜ = Ω + iH/piTC, GF = Ω˜/(Ω˜2 +
ΦF,ωΦ∗F,−ω)1/2, H is exchange energy, ξ 2S,F = (DS,F/2piTC)
and DS,F , are diffusion coefficients in S and F metals, respec-
tively. Pair potential ∆m and the Usadel functions Φm and ΦF
in (2) - (4) are also normalized to piTC. To write equations (2)
- (4), we have chosen the x axis in the directions perpendic-
ular to the SI, FS and sF interfaces and put the origin at sF
interface. Equations (2) - (4) must be supplemented by the
boundary conditions36. At x =−ds they can be written as
G2S
d
dxΦS = G
2
s
d
dxΦs, (5)
γBIξSGs ddxΦs =−GS (ΦS−Φs) ,
where γBI = RBIAB/ρSξS, RBI and AB are resistance and area
of SI interface. At x = 0 the boundary conditions are
ξS
Ω G
2
s
d
dxΦs = γ
ξF
Ω˜
G2F
d
dxΦF , (6)
γBξF GF ddxΦF =−Gs
(
Ω˜
ΩΦs−ΦF
)
and at x = dF they have the form
ξS
Ω G
2
S
d
dxΦS = γ
ξF
Ω˜
G2S
d
dxΦF , (7)
γBξF GF ddxΦF = GS
(
Ω˜
ΩΦS−ΦF
)
,
Far from the interfaces the solution should cross over to a uni-
form current-carrying superconducting state37−39
ΦS(∓∞) = Φ∞ exp{i(χ(∓∞)− ux/ξS)} , (8)
∆S(∓∞) = ∆0 exp{i(χ(∓∞)− ux/ξS)} , (9)
Φ∞ =
∆0
1+ u2/
√
Ω2 + |ΦS|2
, (10)
resulting in order parameter phase difference across the struc-
ture equal to
ϕ = ϕ(∞)− 2ux/ξS, ϕ(∞) = χ(∞)− χ(−∞). (11)
Here ϕ(∞) is the asymptotic phase difference across the junc-
tion, ∆0 is modulus of order parameters far from the bound-
aries of the structure at a given temperature, u = 2mvsξS, m
is the electron mass and vs is the superfluid velocity. Note
that since the boundary conditions (5) - (6) include the Mat-
subara frequency Ω, the phases of ΦS functions depend on Ω
and are different from the phase of the pair potential ∆S at the
FS interfaces χ(dF) and χ(0). Therefore it is the value ϕ(∞)
rather than ϕ = χ(dF)− χ(0), that can be measured experi-
mentally by using a scheme compensating the linear in x part
in Eq. (11).
The boundary problem (2)-(11) can be solved numerically
making use of (8), (10). Accuracy of calculations can be mon-
itored by equality of currents JS
2eJS(ϕ)
piTAB
=
∞
∑
ω=−∞
iG2m,ω
ρmΩ˜2
[
Φm,ω
∂Φ∗m,−ω
∂x −Φ
∗
m,−ω
∂Φm,ω
∂x
]
,
(12)
3calculated at the SI and FS interfaces and in the electrodes.
In the further analysis carried out below we limit our-
selves to the consideration of the most relevant case of low-
transparent tunnel barrier at SI interface
γBI ≫ 1. (13)
In this approximation, the junction resistance RN is fully deter-
mined by the barrier resistance RBI . Furthermore the current
flowing through the electrodes can lead to the suppression of
superconductivity only in the vicinity of sF and FS interfaces.
That means, up to terms of the order of γ−1BI we can neglect
the effects of suppression of superconductivity in the region
x≤−ds and write the solution in the form
ΦS(x) = ∆S(x) = ∆0. (14)
Here without any lost of generality we put χ(−∞) = χ(−ds−
0) = 0 (see Fig. 1c).
Substitution of (14) into boundary conditions (5) gives
γBIξSGs ddxΦs =−
Ω√
Ω2 +∆20
(∆0−Φs) . (15)
Further simplifications are possible in a several limiting cases.
III. THE HIGH TEMPERATURE LIMIT T ≈ TC
In a vicinity of critical temperature the Usadel equations in
the F layer can be linearized. Writing down their solution in
the analytical form and using the boundary conditions (6), (7)
on sF and FS interfaces we can reduce the problem to the solu-
tion of Ginzburg-Landau (GL) equations in the s and S layers.
We limit our analysis by considering the most interesting case
when the following condition is fulfilled:
ΓBI =
γBIξS
ξS(T ) ≫ 1, (16)
and when there is strong suppression of superconductivity in
the vicinity of the sF and FS interfaces. The latter takes place
if the parameter Γ
Γ =
γξS(T )
ξS , ξS(T ) =
piξS
2
√
1−T/TC
(17)
satisfies the conditions
Γp≫ 1, Γq≫ 1. (18)
Here
p−1 =
8
pi2
Re
∞
∑
ω=0
1
Ω2
√
Ω˜coth dF
√
Ω˜
2ξF
, (19)
q−1 =
8
pi2
Re
∞
∑
ω=0
1
Ω2
√
Ω˜ tanh dF
√
Ω˜
2ξF
. (20)
Note that in the limit h = H/piTC ≫ 1 and dF ≫
√
2/hξF
the sums in (19), (20) can be evaluated analytically resulting
in
β = p− q
p+ q
=
√
8sin
(
dF
ξF
√
h
2
+
3pi
4
)
exp
(
−dFξF
√
h
2
)
,
(21)
p+ q = 2
√
2h(T/TC)2 , pq = 2h(T/TC)4 . (22)
In general, the phases of the order parameters in s and S
films are functions of the coordinate x. In the considered ap-
proximation the terms that take into account the coordinate
dependence of the phases, are proportional to small parame-
ters (Γq)−1 and (Γp)−1 and therefore provide small correc-
tions to the current. For this reason, in the first approximation
we can assume that the phases in superconducting electrodes
are constants independent of x. In the further analysis we de-
note the phases at the s-film by χ and at the right S-electrode
by ϕ (see Fig.1c).
The details of calculations are summarized in the Appendix
A. These calculations show that the considered SIsFS junction
has two modes of operation depending on relation between s
layer thickness ds and the critical thickness dsc = (pi/2)ξS(T ).
For ds larger than dsc, the s-film keeps its intrinsic supercon-
ducting properties (mode (1)), while for ds ≤ dsc superconduc-
tivity in the s-film exists only due to proximity effect with the
bulk S electrodes (mode (2)).
A. Mode (1): SIs + sFS junction ds ≥ dsc
We begin our analysis with the regime when the interme-
diate s-layer is intrinsically superconducting. In this case it
follows from the solution of GL equations that supercurrent
flowing across SIs, sF and FS interfaces (J(−ds), J(0) and
J(dF), respectively) can be represented in the form (see Ap-
pendix A)
JS(−ds)
JG
=
δs(−ds)
ΓBI∆0
sin(χ) , JG =
pi∆20AB
4eρSTCξS(T ) , (23)
JS(0)
JG
=
JS(dF)
JG
=
Γ(p− q)
2∆20
δs(0)δS(dF)sin(ϕ− χ) , (24)
where ∆0 =
√
8pi2TC(TC−T )/7ζ (3) is bulk value of order
parameter in S electrodes, AB is cross sectional area of the
structure, ζ (z) is Riemann zeta function. Here
δs(0) =
2b(p− q)cos(ϕ− χ)− 2a(p+ q)
Γ
[
(p+ q)2− (p− q)2 cos2 (ϕ− χ)
] , (25)
δS(dF) =
2b(p+ q)− 2a(p− q)cos(ϕ− χ)
Γ
(
(p+ q)2− (p− q)2 cos2 (ϕ− χ)
) , (26)
4are the order parameters at sF and FS interfaces, respectively
(see Fig. 1b) and
a =−δs(−ds)
√
1− δ
2
s (−ds)
2∆20
, b = ∆0√
2
, (27)
where δs(−ds) is the solution of transcendental equation
K
(δs(−ds)
∆0η
)
=
dsη√
2ξs(T ) , η =
√
2− δ
2
s (−ds)
∆20
. (28)
Here, K(z), is the complete elliptic integral of the first kind.
Substitution of δs(−ds) = 0 into Eq. (28) leads to the expres-
sion for critical s layer thickness, dsc = (pi/2)ξS(T ), which
was used above.
For the calculation of the CPR we need to exclude phase χ
of the intermediate s layer from the expressions for the cur-
rents (23), (24). The value of this phase is determined from
the condition that the currents flowing across Is and sF inter-
faces should be equal to each other.
For large thickness of the middle s-electrode (ds ≫ dsc) the
magnitude of order parameter δs(−ds) is close to that of a bulk
material ∆0 and we may put a =−b in Eqs.(25) and (26)
δS(dF) = δs(0) =
√
2∆0
Γ((p+ q)− (p− q)cos(ϕ− χ)) , (29)
resulting in
JS(0) = JS(dF) =
JGβ sin (ϕ− χ)
Γ(1−β cos(ϕ− χ)) (30)
together with the equation to determine χ
Γ
ΓBI
sin(χ) = β sin(ϕ− χ)
1−β cos(ϕ− χ) , β =
p− q
p+ q
. (31)
From (29), (30) and (31) it follows that in this mode SIsFS
structure can be considered as a pair of SIs and sFS junctions
connected in series. Therefore, the properties of the structure
are almost independent on thickness ds and are determined by
a junction with smallest critical current.
Indeed, we can conclude from (31) that the phase χ of s
layer order parameter depends on the ratio of the critical cur-
rent, ICSIs ∝ Γ−1BI , of its SIs part to that, ICsFS ∝ |β |Γ−1, of
the sFS junction. The coefficient β in (31) is a function of
F layer thickness, which becomes close to unity in the limit
of small dF and exhibits damped oscillations with dF increase
(see analytical expression for β (21)). That means that there is
a range of thicknesses, dFn, determined by the equation β = 0,
at which JS ≡ 0 and there is a transition from 0 to pi state in
sFS part of SIsFS junction. In other words, crossing the value
dFn with an increase of dF provides a pi shift of χ relative to
the phase of the S electrode.
In Fig.2 we clarify the classification of operation modes and
demonstrate the phase diagram in the (ds,dF) plane, which
follows from our analytical results (21)-(28). The calculations
have been done at T = 0.9TC for h = H/piTC = 10, ΓBI = 200
and Γ = 5. The structures with s-layer smaller than critical
FIG. 2: The phase diagram of the operation modes of the SIsFS
structure in the (ds,dF ) plane. The bottom area corresponds to the
mode (2) with fully suppressed superconductivity in the s-layer. The
top part of the diagram, separated from the bottom one by the solid
horizontal line, corresponds to the s-layer in superconductive state.
It provides the value of s layer critical thickness, dsc. The upper-left
part indicates the mode (1a) with the weak place located at SIs tunnel
barrier. The upper-right area as well as thin valley around first 0−pi
transition correspond to the mode (1b) with the weak place located
at sFS junction. Solid vertical lines provide loci of the boarders be-
tween the modes (1a) and (1b). Vertical dashed lines show positions
of 0−pi transitions. The calculations have been done for H = 10piTC ,
ΓBI = 200 and Γ = 5 at T = 0.9TC.
thickness dsc = piξS(T )/2 correspond to the mode (2) with
fully suppressed superconductivity in the s layer. Conversely,
the top part of diagram corresponds to s-layer in the super-
conductive state (mode (1)). This area is divided into two
parts depending on whether the weak place located at the
tunnel barrier I (mode(1a)) or at the ferromagnetic F-layer
(mode(1b)). The separating black solid vertical lines in the
upper part in Fig.2 represent the locus of points where the
critical currents of SIs and sFS parts of SIsFS junction are
equal. The dashed lines give the locations of the points of 0
to pi transitions, dFn = pi(n− 3/4)ξF√2/h, n = 1,2,3..., at
which Js = 0. In a vicinity of these points there are the valleys
of mode (1b) with the width, ∆dFn ≈ ξFΓΓ−1BI h−1/2 exp{pi(n−
3/4)}, embedded into the areas occupied by mode (1a). For
the set of parameters used for calculation of the phase dia-
gram presented in Fig.2, there is only one valley with the
width ∆dF1 ≈ ξFΓΓ−1BI h−1/2 exp{pi/4} located around the
point dF1 = (pi/4)ξF
√
2/h of the first 0 to pi transition.
1. Mode (1a): Switchable 0−pi SIs junction
In the experimentally realized case8–11 Γ−1BI ≪ |β |Γ−1 the
condition is fulfilled and the weak place in SIsFS structure is
located at the SIs interface. In this approximation it follows
from (31) that
χ ≈ ϕ− 2qΓ
(p− q)ΓBI sin(ϕ)
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FIG. 3: Critical current JC of the SIsFS structure versus F-layer thick-
ness dF calculated at T = 0.9TC , H = 10piTC , ΓBI = 200 and Γ = 5
for s layer thickness ds = 2ξs(T ) slightly above the critical one dsc.
Inset shows dependence of pair potential δs(−ds) at the Is interface
of the s-layer versus F-layer thickness dF . Solid lines have been cal-
culated for ds ≫ dsc from Eqs. (32)-(33). The dashed line is the
result of calculations using analytical expressions (23)-(28) for the
thickness of s-layer ds = 2ξs(T ). Short-dashed line is the result of
numerical calculations in the frame of Usadel equations (2)-(11).
in 0-state (dF < dF1) and
χ ≈ pi +ϕ− 2qΓ
(p− q)ΓBI sin (ϕ)
in pi-state (dF > dF1). Substitution of these expressions into
(30) results in
JS(ϕ) =± JGΓBI
[
sinϕ− Γ
ΓBI
1∓β
2β sin(2ϕ)
]
(32)
for 0- and pi- states, respectively. It is seen that for dF < dF1
the CPR (32) has typical for SIS tunnel junctions sinusoidal
shape with small correction taking into account the suppres-
sion of superconductivity in the s layer due to proximity with
FS part of complex sFS electrode. Its negative sign is typi-
cal for the tunnel Josephson structures with composite NS or
FS electrodes39,40. For dF > dF1 the supercurrent changes its
sign thus exhibiting the transition of SIsFS junction into pi
state. It’s important to note that in this mode the SIsFS struc-
ture may have almost the same value of the critical current
both in 0 and pi states. It is unique property, which can not
be realized in SFS devices studied before. For this reason we
have identified this mode as ”Switchable 0−pi SIS junction”.
2. Mode (1b): sFS junction
Another limiting case is realized under the condition Γ−1BI ≫
|β |Γ−1. It fulfills in the vicinity of the points of 0− to pi−
transitions, dFn, and for large dF values and high exchange
fields H. In this mode (see Fig. 2) the weak place shifts to
sFS part of SIsFS device and the structure transforms into a
conventional SFS-junction with complex SIs electrode.
In the first approximation on Γ/(β ΓBI)≫ 1 it follows from
(30), (31) that
χ = ΓBI
Γ
β sin(ϕ)
1−β cos(ϕ) ,
resulting in
JS(ϕ) =
JGβ
Γ(1−β cosϕ)
(
sin ϕ− ΓBI
2Γ
β sin(2ϕ)
(1−β cosϕ)
)
. (33)
The shape of CPR for χ → 0 coincides with that previously
found in SNS and SFS Josephson devices37. It transforms to
the sinusoidal form for sufficiently large thickness of F layer.
For small thickness of the F-layer as well as in the vicinity of
0−pi transitions, significant deviations from sinusoidal form
may occurred.
Transition between the mode (1a) and the mode (1b) is also
demonstrated in Fig.3. It shows dependence of critical cur-
rent JC across the SIsFS structure versus F-layer thickness dF .
The inset in Fig.3 demonstrates the magnitude of an order pa-
rameter at Is interface as a function of dF . The solid lines in
Fig.3 give the shape of JC(dF) and δ0(−ds) calculated from
(32)-(33). These equations are valid in the limit ds ≫ dsc and
do not take into account possible suppression of superconduc-
tivity in a vicinity of tunnel barrier due to proximity with FS
part of the device. The dashed lines are the result of calcula-
tions using analytical expressions (23)-(28) for the thickness
of the s-layer ds = 2ξs(T ), which slightly exceeds the criti-
cal one, dsc = (pi/2)ξs(T ). These analytical dependencies are
calculated at T = 0.9 TC for H = 10piTC, ΓBI = 200, Γ = 5,
γB = 0. The short-dashed curves are the results of numerical
calculations performed selfconsistently in the frame of the Us-
adel equations (2)-(11) for corresponding set of the parame-
ters T = 0.9 TC for H = 10piTC, γBI = 1000, γ = 1, γB = 0.3
and the same thickness of the s layer dsc = (pi/2)ξs(T ). In-
terface parameters γBI = 1000, γ = 1 are chosen the same as
for the analytical case. The choice of γB = 0.3 allows one to
take into account the influence of mismatch which generally
occurs at the sF and FS boundaries.
It can be seen that there is a qualitative agreement between
the shapes of the three curves. For small dF the structure is in
the 0-state mode (1a) regime. The difference between dashed
and short dashed lines in this area is due to the fact that the
inequalities (18) are not fulfilled for very small dF . The solid
and short dashed curves start from the same value since for
dF = 0 the sFS electrode becomes a single spatially homo-
geneous superconductor. For ds = 2ξs(T ) the intrinsic super-
conductivity in the s layer is weak and is partially suppressed
with dF increase (see the inset in Fig.3). This suppression
is accompanied by rapid drop of the critical current. It can
be seen that starting from the value dF ≈ 0.4ξF our analytical
formulas (23)-(28) are accurate enough. The larger ds, the bet-
ter agreement between numerical and analytical results due to
the better applicability of the GL equations in the s layer. With
further dF increase the structure passes through the valley of
mode (1b) state, located in the vicinity of the 0 to pi transi-
tion, and comes into the pi−state of the mode (1a). Finally for
6a)
c)
b)
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FIG. 4: a) Magnitude of the critical current JC in the SIsFS structure versus F-layer thickness dF for two thickness of middle s-layer, ds =
5ξS(T )> dsc (solid line) and ds = 0.5ξS(T ) < dsc (dashed line) calculated at T = 0.9TC for H = 10piTC , ΓBI = 200 and Γ = 5. b)-d) CPR in
the vicinity of 0-pi transitions. The corresponding insets show the enlarged parts of JC(dF ) dependence enclosed in rectangles on the part a) of
the Figure and marked by the letters b-d, respectively. The digits on the insets show the points at which the JS(ϕ) curves have been calculated.
The dashed lines in the Figs.4b-d are the loci of critical points at which the JS(ϕ) dependence reaches its maximum value JC(dF ).
dF & 1.6ξF there is a transition from mode (1a) to mode (1b),
which is accompanied by damped oscillation of JC(dF) with
dF increase.
B. Mode (2): SInFS junction ds ≤ dsc
For ds ≤ dsc intrinsic superconductivity in the s layer is
completely suppressed resulting in formation of the complex
-InF- weak link area, where ’n’ marks the intermediate s film
in the normal state. In this parameter range the weak is always
located in the tunnel barrier and the CPR has sinusoidal shape
JS(ϕ)=
JG√
2
(p− q)sinϕ
2pqΓΓBI cos dsξs(T ) +[2pqΓ+(p+ q)ΓBI ]sin
dsξs(T )
.
(34)
In a vicinity of the critical thickness, ds . dsc, the factor
cos(ds/ξS(T )) in (34) is small and supercurrent is given by
the expression
JS(ϕ) =
JG
2
√
2
(p− q)sinϕ
2pqΓ+(p+ q)ΓBI
. (35)
Further decrease of ds into the limit ds ≪ dsc leads to
JS(ϕ) =
JG√
2
(p− q)sinϕ
2pqΓΓBI
. (36)
The magnitude of critical current in (36) is close to that in the
well-known case of SIFS junctions in appropriate regime.
7C. Current-Phase Relation
In the previous section we have demonstrated that the vari-
ation in the thickness of the ferromagnetic layer should lead
to the transformation of CPR of the SIsFS structure. Fig.4a il-
lustrates the JC(dF) dependencies calculated from expressions
(23)-(28) at T = 0.9TC for H = 10piTC, γB = 0, ΓBI ≈ 200
and Γ≈ 5 for two thickness of the s layer ds = 5ξS(T ) (solid
line) and ds = 0.5ξS(T ) (dashed line). In Figs.4b-d we en-
large the parts of JC(dF) dependence enclosed in rectangles
labeled by letters b, c and d in Fig.4a and mark by digits the
points where the JS(ϕ) curves have been calculated. These
curves are marked by the same digits as the points in the en-
large parts of JC(dF) dependencies. The dashed lines in the
Figs.4b-d are the loci of critical points at which the JS(ϕ) de-
pendence reaches its maximum value, JC(dF).
Figure 4b presents the mode (1b) valley, which divides the
mode (1a) domain into 0- and pi- states regions. In the mode
(1a) domain the SIsFS structure behaves as SIs and sFS junc-
tions connected in series. Its critical current equals to the min-
imal one among the critical currents of the SIs (JCSIs) and sFS
(JCsFS) parts of the device. In the considered case the thick-
ness of the s film is sufficiently large to prevent suppression
of superconductivity. Therefore, JCSIs does not change when
moving from the point 1 to the point 2 along JCdF depen-
dence. At the point 2, when JCSIs = JCsFS, we arrive at the
border between the mode (1a) and mode (1b). It is seen that
at this point there is maximum deviation of JS(ϕ) from the si-
nusoidal shape. Further increase of dF leads to 0-pi transition,
when parameter β in (33) becomes small and JS(ϕ) practi-
cally restores its sinusoidal shape. Beyond the area of 0 to pi
transition, the critical current changes its sign and CPR starts
to deform again. The deformation achieves its maximum at
the point 7 located at the other border between the modes (1a)
and (1b). The displacement from the point 7 to the point 8
along the JC(dF) dependence leads to recovery of sinusoidal
CPR.
Figure 4c presents the transition from the pi-state of mode
(1a) to mode (1b) with dF increase. It is seen that the off-
set from the point 1 to the points 2−5 along JC(dF) results in
transformation of the CPR similar to that shown in Fig.4b dur-
ing displacement in the direction from the point 1 to the points
2− 6. The only difference is the starting negative sign of the
critical current. However this behavior of CPR as well as close
transition between modes lead to formation of the well pro-
nounced kink at the JC(dF) dependence. Furthermore, con-
trary to Fig.4b at the point 6, the junction is still in the mode
(1b) and remains in this mode with further increase in dF .
At the point 6 the critical current achieves its maximum value
and it decreases along the dashed line for larger dF .
Figure 4d shows the transformation of the CPR in the vicin-
ity of the next 0 to pi transition in mode (1b). There is small
deviation from sinusoidal shape at the point 1, which vanishes
exponentially with an increase of dF .
In the mode (2) (the dashed curve in Fig.4a) an intrinsic
superconductivity in the s layer is completely suppressed re-
sulting in the formation of a complex -InF- weak link region
and the CPR becomes sinusoidal (34).
IV. ARBITRARY TEMPERATURE
At arbitrary temperatures the boundary problem (2)-(11)
goes beyond the assumptions of GL formalism and requires
self-consistent solution. We have performed it numerically
in terms of the nonlinear Usadel equations in iterative man-
ner. All calculations were performed for T = 0.5TC, ξS = ξF ,
γBI = 1000, γBFS = 0.3 and γ = 1.
Calculations show that at the selected transparency of tun-
nel barrier (γBI = 1000) the suppression of superconductivity
in the left electrode is negligibly small. This allows one to
select the thickness of the left S electrode dSL = 2ξS with-
out any loss of generality. On the contrary, proximity of the
right S electrode to the F layer results in strong suppression
of superconductivity at the FS interface. Therefore the pair
potential of the right S electrode reaches its bulk value only at
thickness dSR & 10ξS. It is for these reasons we have chosen
dSR = 10ξS for the calculations.
Furthermore, the presence of a low-transparent tunnel bar-
rier in the considered SIsFS structures limits the magnitude of
critical current JC by a value much smaller compared to a de-
pairing current of the superconducting electrodes. This allows
one to neglect nonlinear corrections to coordinate dependence
of the phase in the S banks.
The results of calculations are summarized in Fig.5. Fig-
ure 5a shows the dependence of JC of the SIsFS structure on
the F-layer thickness dF for relatively large ds = 5ξS (solid)
and small ds = 0.5ξS (dashed) s-film thickness. The letters on
the curves indicate the points at which the coordinate depen-
dencies of the magnitude of the order parameter, |∆(x)|, and
phase difference across the structure, χ , have been calculated
for the phase difference ϕ = pi/2. These curves are shown in
the panels b)-f) of the Fig.5 as the upper and bottom plots, re-
spectively. There is direct correspondence between the letters,
b, c, d, e, f, on JC(dF) curves and the labels, b), c), d), e), f),
of the panels.
It is seen that qualitative behavior of the JC(dF) dependence
at T = 0.5TC remains similar to that obtained in the frame of
the GL equations for T = 0.9TC (see Fig.4a). Furthermore, the
modes of operation discussed above remain relevant too. The
panels b)-f) in Fig.5 make this statement more clear.
At the point marked by letter ’b’, the s-film is sufficiently
thick, ds = 5ξS, while F film is rather thin, dF = 0.3ξF , and
therefore the structure is in 0- state of the mode (1a). In this
regime the phase mainly drops across the tunnel barrier, while
the phase shifts at the s-film and in the S electrodes are negli-
gibly small(see the bottom plot in Fig.5b).
At the point marked by the letter ’c’ (ds = 5ξS, dF = ξF),
the structure is in the pi- state of the mode (1a). It is seen from
Fig.5c that there is a phase jump at the tunnel barrier and an
additional pi-shift occurs between the phases of S and s layers.
For dF = 3ξF (Fig.5d) the position of the weak place shifts
from SIs to sFS part of the SIsFS junction. Then the structure
starts to operate in the mode (1b). It is seen that the phase drop
across SIs part is small, while ϕ−χ ≈ pi/2 across the F layer,
as it should be in SFS junctions with SIs and S electrodes.
At the points marked by the letters ’e’ and ’f’, thickness of
the s-layer ds = 0.5ξS is less than its critical value. Then su-
8FIG. 5: a) Magnitude of critical current JC of the SIsFS structure versus F-layer thickness dF calculated at T = 0.5TC for H = 10piTC ,
γBI = 1000, γ = 1 and two thickness of the s film ds = 5ξS (solid line) and ds = 0.5ξS (dashed line). The letters on JC(dF ) give the points at
which the coordinate dependencies of the magnitude of the order parameter, |∆(x)|, and phase difference across the structure, χ, have been
calculated. These curves are shown in the panels b)-f) of the Figure as the upper and bottom panels, respectively.
9perconductivity in the s-spacer is suppressed due to the prox-
imity with the F film and SIsFS device operates in the mode
(2). At dF = ξF (the dot ’e’ in Fig.5a and the panel Fig.5e)
the position of the weak place is located at the SIs part of the
structure and there is additional pi-shift of phase across the F
film. As a result, the SIsFS structure behaves like an SInFS
tunnel pi-junction. Unsuppressed residual value of the pair po-
tential is due to the proximity with the right S-electrode and
it disappears with the growth of the F-layer thickness, which
weakens this proximity effect. At dF = 3ξF (Fig.5f) weak
place is located at the F part of IsF trilayer. Despite strong
suppression of the pair potential in the s-layer, the distribu-
tion of the phase inside the IsF weak place has rather complex
structure, which depends on thicknesses of the s and F layers.
A. Temperature crossover from 0 to pi states
The temperature-induced crossover from 0 to pi states in
SFS junctions has been discovered in26 in structures with si-
nusoidal CPR. It was found that the transition takes place in a
relatively broad temperature range.
Our analysis of SIsFS structure (see Fig.6a) shows that
smoothness of 0 to pi transition strongly depends on the CPR
shape. This phenomenon was not analyzed before since al-
most all previous theoretical results were obtained within a
linear approximation leading in a sinusoidal CPR. To prove
the statement, we have calculated numerically the set of JC(T )
curves for a number of F layer film thicknesses dF . We have
chosen the thickness of intermediate superconductor dS = 5ξS
in order to have SIsFS device in the mode(1a) and we have
examined the parameter range 0.3ξF ≤ dF ≤ ξF , in which the
structure exhibits the first 0 to pi transition. The borders of the
dF range are chosen in such a way that SIsFS contact is either
in 0- (dF = 0.3ξF ) or pi- (dF = ξF ) state in the whole temper-
ature range. The corresponding JC(T ) dependencies (dashed
lines in Fig. 6a) provide the envelope of a set of JC(T ) curves
calculated for the considered range of dF . It is clearly seen
that in the vicinity of TC the decrease of dF results in creation
of the temperature range where 0-state exists. The point of
0 to pi transition shifts to lower temperatures with decreasing
dF . For dF & 0.5ξF the transition is rather smooth since for
T ≥ 0.8TC the junction keeps the mode (2) (with suppressed
superconductivity) and deviations of the CPR from sin(ϕ) are
small. Thus the behavior of JC(T ) dependencies in this case
can be easily described by analytic results from Sec.III C.
The situation drastically changes at dF = 0.46ξF (short-
dashed line in Fig.6a). For this thickness the point of 0 to
pi transition shifts to T ≈ 0.25TC. This shift is accompanied
by an increase of amplitudes of higher harmonics of CPR (see
Fig.6b). As a result, the shape of CPR is strongly modified,
so that in the interval 0 ≤ ϕ ≤ pi the CPR curves are char-
acterized by two values, JC1 and JC2, as is known from the
case of SFcFS constrictions41. In general, JC1 and JC2 dif-
fer both in sign and magnitude and JC = max(|JC1| , |JC2|).
For T > 0.25TC the junction in the 0-state and JC grows with
decrease of T up to T ≈ 0.5TC. Further decrease of T is ac-
companied by suppression of critical current. In a vicinity of
T ≈ 0.25TC the difference between |JC1| , and |JC2| becomes
negligible and the system starts to develop the instability that
eventually shows up as a sharp jump from 0 to pi state. After
the jump, |JC| continuously increases when T goes to zero.
It is important to note that this behavior should always be
observed in the vicinity of 0− pi transition, i.e. in the range
of parameters, in which the amplitude of the first harmonic is
small compared to higher harmonics. However, the closer is
temperature to Tc, the less pronounced are higher CPR har-
monics and the smaller is the magnitude of the jump. This
fact is illustrated by dash-dotted line showing JC(T ) calcu-
lated for dF = 0.48ξF . The jump in the curves calculated for
dF ≥ 0.5ξF also exists, but it is small and can not be resolved
on the scale used in the Fig. 6a.
At dF = 0.45ξF (dash-dot-dotted line in Fig. 6) the junction
is always in the 0-state and there is only small suppression of
critical current at low temperatures despite the realization of
non-sinusoidal CPR.
Thus the calculations clearly show that it’s possible to re-
alize a set of parameters of SIsFS junctions where thermally-
induced 0-pi crossover can be observed and controlled by tem-
perature variation.
B. 0 to pi crossover by changing the effective exchange energy
in external magnetic field
Exchange field is an intrinsic microscopic parameter of a
ferromagnetic material which cannot be controlled directly by
application of an external field. However, the spin splitting in
F-layers can be provided by both the internal exchange field
and external magnetic field42,43, resulting in generation of ef-
fective exchange field, which equals to their sum. However,
practical realization of this effect is a challenge since it is diffi-
cult to fulfill special requirements42,43 on thickness of S elec-
trodes and SFS junction geometry.
Another opportunity can be realized in soft diluted fer-
romagnetic alloys like Fe0.01Pd0.99. Investigations of mag-
netic properties44 of these materials have shown that below
14 K they exhibit ferromagnetic order due to the formation of
weakly coupled ferromagnetic nanoclusters. In the clusters,
the effective spin polarization of Fe ions is about 4µB, corre-
sponding to that in the bulk Pd3Fe alloy. It was demonstrated
that the hysteresis loops of Fe0.01Pd0.99 films have the form
typical to nanostructured ferromagnets with weakly coupled
grains (the absence of domains; a small coercive force; a small
interval of the magnetization reversal, where the magnetiza-
tion changes its direction following the changes in the applied
magnetic field; and a prolonged part, where the component of
the magnetization vector along the applied field grows gradu-
ally).
Smallness of concentration of Pd3Fe clusters and their abil-
ity to follow variation in the applied magnetic field may result
in generation of He f f , which is of the order of
He f f ≈ H
n↑V↑− n↓V↓
n↓V↓+ n↑V↑+(n− n↑− n↓)(V −V↓−V↑)
. (37)
Here n is concentration of electrons within a physically small
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The plot demonstrates the possibility of 0-pi transition by varying the
effective exchange field. The calculations have been performed for
T = 0.5TC , dF = 2ξF , γBI = 1000, γB = 0.3, γ = 1.
volume V , in which one performs an averaging of Greens
functions in the transformation to a quasiclassical description
of superconductivity, n↑,↓ and V↑,↓ are the values describing
spin polarized parts of n and parts of volume V, which they
occupy, respectively. Similar kind of He f f nucleates in NF
or SF proximity structures, which are composed from thin
layers45–48. There is an interval of applied magnetic fields
Hext where the alloy magnetization changes its direction and
the concentrations n↑,↓ depend on a pre-history of application
of the field10,12, providing the possibility to control He f f by
an external magnetic field.
Derivation of possible relationships between He f f and Hext
is outside of the scope of this paper. Below we will concen-
trate only on an assessment of the intervals in which He f f
should be changed to ensure the transition of SIsFS device
from 0 to pi state. To do this, we calculate the JC(H) depen-
dencies presented in Fig.7. The calculations have been done
for the set of structures with dF = 2ξF and s-films thickness
ranging from thick one, dS = 5ξS (solid line) up to an interme-
diate value dS = 2ξS (dashed-dotted line) and finishing with
thin film having dS = 0.5ξS (dashed line). It is clearly seen
that these curves have the same shape as JC(dF) dependencies
presented in the Sec.III. For dS = 5ξS and H . 7piTC the mag-
nitude of JC is practically independent on H, but it changes
the sign at H ≈ 1.25piTC due to 0 - pi transition. It is seen
that for the transition, while maintaining the normalized cur-
rent value at a level close to unity, changes of H are required
approximately of the order of 0.1piTC or 10%. For dS = 2ξS
and H . 3piTC, it is necessary to change H on 20% to realize
the such a transition. In this case the value of normalized cur-
rent is at the level 0.4. In mode 2 the transition requires 100%
change of H, which is not practical.
V. DISCUSSION
We have performed a theoretical study of magnetic SIsFS
Josephson junctions. At T ≤ TC calculations have been per-
formed analytically in the frame of the GL equations. For
arbitrary temperatures we have developed numerical code for
selfconsistent solution of the Usadel equations. We have out-
lined several modes of operation of these junctions. For s-
layer in superconducting state they are S-I-sfS or SIs-F-S de-
vices with weak place located at insulator (mode (1a)) and at
the F-layer (mode (1b)), respectively. For small s-layer thick-
ness, intrinsic superconductivity in it is completely suppressed
resulting in formation of InF weak place (mode (2)). We have
examined the shape of JS(ϕ) and spatial distribution of the
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module of the pair potential and its phase difference across
the SIsFS structure in these modes.
For mode (1) the shape of the CPR can substantially differ
from the sinusoidal one even in a vicinity of TC. The devia-
tions are largest when the structure is close to the crossover
between the modes (1a) and (1b). This effect results in the
kinks in the dependencies of JC on temperature and on param-
eters of the structure (thickness of the layers dF , ds and ex-
change energy H) as illustrated in Fig.4 on JC(dF) curves. The
transformation of CPR is even more important at low temper-
atures. For T . 0.25TC a sharp 0−pi transition can be realized
induced by small temperature variation (Fig.6). This instabil-
ity must be taken into account when using the structures as
memory elements. On the other hand, this effect can be used
in detectors of electromagnetic radiation, where absorption of
a photon in the F layer will provide local heating leading to
development of the instability and subsequent phonon regis-
tration.
We have shown that suppression of the order parameter in
the thin s-film due to the proximity effect leads to decrease of
JCRN product in both 0− and pi−states. On the other hand, the
proximity effect may also support s-layer superconductivity
due to the impact of S electrodes. In mode (1a) JCRN product
in 0- and pi-states can achieve values typical for SIS tunnel
junctions.
In mode (2) sinusoidal CPR is realized. Despite that, the
distribution of the phase difference χ(x) in the IsF weak place
may have a complex structure, which depends on thickness of
the s and F layers. These effects should influence the dynam-
ics of a junction in its ac-state and deserve further study.
Further, we have also shown that in mode (1a) nearly 10%
change in the exchange energy can cause a 0−pi transition,
i.e. changing the sign of JCRN product, while maintaining its
absolute value. This unique feature can be implemented in
mode (1a), since it is in it changes of the exchange energy
only determine the presence or absence of a pi shift between
s and S electrodes and does not affect the magnitude of the
critical current of SIs part of SIsFS junction.
In mode (1b), the F layer becomes a part of weak link area.
In this case the pi shift, initiated by the change in H must be
accompanied by changes of JC magnitude due to the oscil-
latory nature of superconducting correlations in the F film.
The latter may lead to very complex and irregular dependence
of JC(Hext), which have been observed in Nb-PdFe-Nb SFS
junctions(see Fig.3 in8). Contrary to that the JC(Hext ) curves
of SIsFS structure with the same PdFe metal does not demon-
strate these irregularities10,11.
To characterize a junction stability with respect to H
variations it is convenient to introduce the parameter η =
(dJC/JC)/(dH/H) which relates the relative change in the
critical current to the relative change in the exchange energy.
The larger the magnitude of η the more intensive irregulari-
ties in an SFS junction are expected with variation of H. In
the Fig.8 we compare the SIsFS devices with conventional
SFS, SIFS and SIFIS junctions making use of two the most
important parameters: the instability parameter η and JCRN
product, the value, which characterizes high frequency prop-
erties of the structures. The calculations have been done in the
-1 0
10-4
10-3
10-2
10-1
1
 J C
R
N
 
eT
C
/ SIFS
SIFIS
SFS
SIsFS
mode (2)
SIsFS
mode (1a)
instability
Magnetic structures
dF= 1 F
H= 10 TC
BI= 1000
B = 0.3,  = 1
Exchange Field Stability
dJC/dH * H/JC
stable
SIS
FIG. 8: Comparison of different types of Josephson structures,
marked by points on the phase plane, in terms of JCRN and exchange
field stability η . All calculation have been performed for T = 0.5TC,
dF = ξF , γBI = 1000, γB = 0.3, γ = 1. For SIsFS structures ds = 5ξS
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frame of Usadel equation for the same set of junctions param-
eters, namely T = 0.5TC, H = 10piTC, dF = ξF , γBI = 1000,
γB = 0.3, γ = 1.
It can be seen that the presence of two tunnel barriers in
SIFIS junction results in the smallest JCRN and strong insta-
bility. The SIFS and SIsFS structures in the mode (2) demon-
strate better results with almost the same parameters. Con-
ventional SFS structures have two times smaller JCRN prod-
uct, having higher critical current but lower resistivity. At the
same time, SFS junctions are more stable due to the lack of
low-transparent tunnel barrier. The latter is the main source
of instability due to sharp phase discontinuities at the barrier
’I’.
Contrary to the standard SFS, SIFS and SIFIS junctions,
SIsFS structures achieve JCRN and stability characteristics
comparable to those of SIS tunnel junctions. This unique
property is favorable for application of SIsFS structures in su-
perconducting electronic circuits.
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Appendix A: Boundary problem at T . TC
In the limit of high temperature
GS = Gs = GF = sgn(Ω) (A1)
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and the boundary problem reduces to to the system of liner-
ized equations. Their solution in the F layer, (0 ≤ x ≤ dF),
has the form
ΦF =C sinh
√
Θ(x− dF/2)
ξF +Dcosh
√
Θ(x− dF/2)
ξF , (A2)
where Θ = Ω˜sgn(Ω). For transparent FS and sF interfaces
(γB = 0) from the boundary conditions (6), (7) and (A2) it is
easy to get that
ξs
γ
√
Θ
d
dxΦs(0) =−Φs(0)coth
dF
√
Θ
ξF +
ΦS(dF)
sinh dF
√
Θ
ξF
, (A3)
ξS
γ
√
Θ
d
dxΦS(dF) = ΦS(dF)coth
dF
√
Θ
ξF −
Φs(0)
sinh dF
√
Θ
ξF
. (A4)
and thus reduce the problem to the solution of Ginzburg-
Landau (GL) equations in s and S films.
ξ 2S (T ) d
2
dx2 ∆k−∆k(∆
2
0−|∆k|2) = 0, ∆20 =
8pi2TC(TC−T )
7ζ (3) ,
(A5)
J =
JG
∆20
Im
(
∆∗kξS(T ) ddx∆k
)
, JG =
pi∆20
4eρSTCξS(T ) , (A6)
where ξS(T ) = piξS/2
√
1−T/TC is GL coherence length and
k equals to s or S for−ds ≤ x≤ 0 and x≥ dF , respectively. At
Is, sF and FS interfaces GL equations should be supplemented
by the boundary conditions in the form37
ξS(T ) ddx∆k(z) = b(z)∆k(z), b(z) =
Σ1(z)
Σ2(z)
, (A7)
Σ1(z) =
∞
∑
ω=−∞
ξS(T ) ddx
Φk(z)
Ω2 , Σ2(z) =
∞
∑
ω=−∞
Φk(z)
Ω2 , (A8)
where z =−ds, 0, dF . In typical experimental situation γBI ≫
1, γ
√
H ≫ 1 and dF
√
H & ξF . In this case in the first approx-
imation
ΦS(dF) = 0, Φs(0) = 0,
d
dxΦs(−ds) = 0
and in the vicinity of interfaces
ΦS(x) = ∆S(x) = BS
(x− dF)
ξS(T ) , dF . x≪ ξS(T ), (A9)
Φs(x) = ∆s(x) =−Bs xξs(T ) , − ξS(T )≪ x. 0, (A10)
Φs(x) = ∆s(x) = ∆s(−ds), −ds . x≪−ds+ξS(T ), (A11)
where BS, Bs, and ∆s(−ds) are independent on x constants.
Substitution of the solutions (A9) - (A11) into (15), (A3), (A4)
gives
ΓBIξS(T ) ddxΦs(−ds) = ∆s(−ds)−∆0, (A12)
ΦS(dF) =
Bs
Γ
√
Θsinh dF
√
Ω˜
ξF
+
BS cosh dF
√
Θ
ξF
Γ
√
Θsinh dF
√
Θ
ξF
, (A13)
Φs(0) =
Bs cosh dF
√
Θ
ξF
Γ
√
Ω˜sinh dF
√
Θ
ξF
+
BS
Γ
√
Θsinh dF
√
Θ
ξF
, (A14)
ΓBI =
γBIξS
ξs(T ) , Γ =
γBIξs(T )
ξS . (A15)
From definition (A7), (A8) of coefficients b(z) and expres-
sions (A12) - (A14) it follows that
ΓBIξs(T ) ddx∆s(−ds) =−(∆0−∆s(−ds)) , (A16)
ξs(T ) ddx∆s(0) =−
q+ p
2
Γ∆s(0)− q− p2 Γ∆S(dF), (A17)
ξS(T ) ddx∆S(dF) =
q+ p
2
Γ∆S(dF)+
q− p
2
Γ∆s(0), (A18)
where
p−1 =
8
pi2
Re
∞
∑
ω=0
1
Ω2
√
Ω˜coth dF
√
Ω˜
2ξF
, (A19)
q−1 =
8
pi2
Re
∞
∑
ω=0
1
Ω2
√
Ω˜ tanh dF
√
Ω˜
2ξF
. (A20)
In considered limit both suppression parameters ΓBI ≫ 1
and Γ ≫ 1 are large and from relations (15), (A3), (A4) in
the first approximation on these parameters we get that the
boundary conditions (A16) - (A18) can be simplified to
ξS(T ) ddx ∆s(−ds) = 0, ∆s(0) = 0, ∆S(dF) = 0. (A21)
Taking into account that in this approximation supercurrent
j = 0 and ∆S(∞) = ∆0 from (A5), (A21) it follows that
∆S(x) = δS(x)exp{iϕ} , δS(x) = ∆0 tanh x− dF√2ξS(T ) , (A22)
while
∆s(x) = δs(x)exp{iχ} , (A23)
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where δs(x) is the solution of transcendental equation
F
( δs(x)
δs(−ds) ,
δs(−ds)
∆0η
)
=− xη√
2ξs(T ) , η =
√
2− δ
2
s (−ds)
∆20
(A24)
and δs(−ds) is a solution of the same equation at the SIs
boundary x =−ds
K
(δs(−ds)
∆0η
)
=
dsη√
2ξs(T ) . (A25)
Here F(y,z) and K(z) are the incomplete and complete elliptic
integral of the first kind respectively.
Substitution of (A22), (A23) into (A16) - (A18) gives that
in the next approximation on Γ−1BI and Γ−1
J(−ds) = JG δs(−ds)ΓBI∆0 sin(χ) (A26)
J(0) = J(dF) = JG
Γ(p− q)
2∆20
δs(0)δS(dF)sin (ϕ− χ) , (A27)
where
δs(0) =− 2b(q− p)cos(ϕ− χ)+ 2a(q+ p)
Γ
[
(q+ p)2− (q− p)2 cos2 (ϕ− χ)
] , (A28)
δS(dF) =
2b(q+ p)+ 2a(q− p)cos(ϕ− χ)
Γ
(
(q+ p)2− (q− p)2 cos2 (ϕ− χ)
) , (A29)
are magnitudes of the order parameters at the FS interfaces
and
a =−δs(−ds)
√
1− δ
2
s (−ds)
2∆20
, b = ∆0√
2
(A30)
Phase, χ , of the order parameters of the s layer is determined
from equality of currents (A26), (A27).
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